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1. INTRODUCTION.

A natural number is called r-free if it is not divisible by
the rth power of a prime. Let Sr(x;q,a) denote the num-
ber of r-free numbers in the arithmetic progression a modulo

q that do not exceed x, and let

X
Rr(x)Q:a) Sr(x’qsa) - q f(asq) ’

where o r
f(a,q) = y Bd)d ,9
d=1 ar
@ ,q)|a

We shall always assume that (a,q) 1is r-free, for otherwise
Sr(x;q,a) is zero.

In this paper, we shall be concerned with the estimation
of Rr(x;q,a) » with emphasis on uniformity in a, q, and r.

We shall use cysC to denote constants, and unless other-

9o
wise indicated all constants will be independent of a, q,

and r. Our starting point is the formula

(1) 5 (x3q,a) = ) Y k()
n<sx drl
n=a(mod q) n

from which an elementary argument yields the estimate

(2) R (x;q,a) < /T

In the case (a,q) = 1 a more elaborate argument due to
‘Prachar [6] yields
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(3) Rr(x;q,a) < rw(q){x +

!

where w(q) is the number of distinct prime factors of q.
For r = 2 this has been improved by Hooley [4] to

1/2 -1/2 1/2+€
/2172, 1/

b}

(4) R, (x3q,a) <x

and the recent work of Heath-Brown [3] would seem to imply a
stronger result than (4), at least in the case x Séqz

The previous results are primarily concerned with smail
values of x relative to q, whereas in this paper we shall
be concerned with large values of x. Siebert [7] proved

€
that if € >0 is arbitrary and x 2 exp(q ), then

(5) Rr(x;q,a) < xl/r exp(—cl(é ) v1og x)

This result is analogous to the Siegel-Walfisz theorem for
primes in arithmetic pfogressions (see Davenport [2], p. 132).
The distribution of primes in arithmetic progressions modulo
q depends on the location of zeros of Dirichlet L-functions
formed with characters modulo q. We say that q 1is an ex-
ceptional modulus if there exists a real character modulo q
such that the associated L-function has a real zero exceeding
1 - czllog q. Page [5] proved that if q is not an excep-
tional modulus, then the Siegel-Walfisz theorem can be sub-
stantially improved.

bur first result is an improvement of (5) that is analogous

to Page's theorem.

THEOREM 1. There exist absolute computable constants cq and

c, such that if x >=exp(c3r logzq) and q 1is not excep-
tional, then






